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Reduction of Root-Mean-Square Error in
Faceted Space Antennas

W. B. Fichter*
NASA Langley Research Center, Hampton, Virginia

This paper examines the potential for reducing root-mesdn-square surface error in shallow faceted reflectors by
replacing flat facets with laterally curved membrane facets. Exact solutions are obtained for the small lateral
deflections of equilateral triangular and rectangular membranes subject to isotropic tension and parabolic edge
deflections. These solutions are used to minimize the rms error between a facet of a shallow paraboloidal surface
and its approximating membrane facet. The resulting optimum placements and edge curvatures yield membrane
facets which have significantly lower rms errors than the corresponding best-fit flat facets. The rms error
reductions are about 55% for equilateral triangles and 25-93% for rectangles, depending on aspect ratio. The
results suggest that replacement of flat facets with membrane facets conforming to curved structural members
could yield refiectors with lower rms-error, or comparable error with larger facets and, hence, fewer structural

members.

Introduction

MANY of thé large-aperture space antennas currently
envisioned are shallow parabolic dishes with faceted
reflecting surfaces. Substitution of an assemblage of flat
facets for the ideal smooth paraboloidal surface necessarily
introduces surface errors which degrade antenna per-
formance. One means of reducing the root-mean-square error
is to make the facets smaller. For examiple, Agrawal et al.!
obtained expressions for the rms error incurred by replacing a
shallow spherical dish by an assemblage of flat facets in the
shape of equilatéral triangles, squares, and regular hexagons.
These expressions were used to obtain estimates of flat-facet
size required to satisfy a prescribed tolerance limit on surface
rms error. It was also shown therein that for shallow
reflectors the ideal paraboloidal surface could be replaced
with insignificant error by a spherical surface.

Meyer? used linear membrane theory to derive expressions
for rms error in faceted, knitted-mesh reflectors of cylindrical
parabolic or axisymmetric form. By laterally curving the facet
edges, substantial reductions in rms error were effected, most
notably in nonshallow reflectors, for facets with square
projections onto the plane tangent to the vertex. However, a
constraint imposed on the analysis apparently led to the
requirement that adjacent facet edges have curvatures of
opposite sign. This led to the conclusion that curving the edges
of the ceriter facet in an axisymmetric reflector offered no
improvement over the best-fit flat facet.

The present paper also explores the possibility of using
membrane facets with optimal edge curvatures. It is assumed
that the reflector is shallow; hence, it can be modeled by an
assemblage of nominally identical triangles or rectangles, and
single-facet error calculations can be taken as representative
of the entire reflector. Also, it is assumed that the reflecting
material experiences approximately isotropic tensile loading.
Linear membrane theory is used to analyze facet defor-
mations.

Exact solutions are found for the lateral deflection of
membranes in the shape of equilateral triangles and rectangles
with prescribed parabolic edge deflections. These solutions
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are used to obtain expressions for the mean-square error
between the ideal surface 4nd the membrane facet.
Minimization of the mean-square error yields optimum values
of the radius of curvature of the deflected membrane edges
and the center offset between the membrane and the ideal
surface. These optimum values are used to calculate the
minimum rms error.

Analysis

Figure 1 contains a sketch of a representative shallow, flat-
faceted reflector with vertex radius of curvature R,. In the
present study, a typical flat facet is assumed to be replaced by
a membrane with parabolically deflected edges. The object of
the analysis is to ascertain the optimum parabolic edge
deflection of the membrane and its optimum location on the
normal to the ideal surface, the optimum values being those
which together minimize the rms error between the membrane
facet and a corresponding facet of the ideal surface.

Procedure

With the origin of rectangular Cartesian coordinates at the
vertex, the ideal paraboloidal surface with radius of curvature
R, atits vertex has the equation

z2(x,y) = (x> +y?} /2R, ¢))

The small deflections w(x,y) of a membrane under isotropic
tension are, in the absence of lateral pressure, governed by the
equation

Fw  Fw

'&7‘*‘5-;5-_—0 (2)

The solution to Eq. (2) satisfying appropriate conditions on
the boundary of the triangular or rectangular membrane
facets is used along with Eq. (1) to define the mean-square
error between the membrane facet and the ideal surface facet,
ie.,

agms=£ [ Jor-07a4 3

In Eq. (3) the integration is over the appropriate planar
triangular or rectangular region S having area A. The mean-
square error is then minimized with respect to R, the radius of
curvature of the assumed parabolic edge deflection (in the
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case of the rectangle, R, and R,) and A, an adjustment to the
center offset between the membrane and the ideal surface.
This process yields algebraic equations in R and & (R;, R,,
and A for the rectangle) which, in turn, are used to calculate
the minimum rms error.

Equilateral Triangles

Consider an equilateral triangular membrane facet with
edges of length L and center at the origin of coordinates
(x,y,2) (Fig. 2). The deflection that satisfies Eq. (2) and has
parabolic form with radius of curvature R on all edges is

w(x,y) = — (V3/3RL)x(x? —3y?)

This solution is a modification of the St. Venant solution for
torsion of a bar of equilateral triangular cross section.?
Translating the membrane in the z direction by the dimen-
sionless amount 4,

“)

w51 )

T R e B A

To minimize the mean-square error, we require

3., @

Lo =282 =0
3R ¥ = 5

™ms —

which yields

SS(W—z)gdA=ig(w—z)g—‘;dA=0
5

or, finally,

R, 3 L L? 12
and
2 _ 342 2442
(1222 € Joa - £ [ aae
A 3L\ L Ry ) L

()
With the change of variables (x/L, y/L)= (r/V3, s/3), and
the definitions

] r+1 2 %) r+1
1= [, asar 12=—S |, r7-sasar
1 Jo 9J-1J)o

4 Vi r+1
13=_S S r(r*—2rs? +s*)dsdr
1 Jo

Y r+1
I,= (P2 + V5s?)dsdr
4 1 Jo

7] r+1
I5=S go r(rf —%rs? +s*)dsdr
I

Eqgs. (5) and (6) become
In? —2L,h+1;=(R/3Ry) (I,h—15) @)

and
Lk—I,=(R/3R,)I, )
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For the optimum values of R and 4, Eqgs. (7) and (8) yield

Resr, =B, Ll-DLl
LI,-1I LI -1,I
The exact values are found to be
R=(7/10)R,, h=13/360 9)

Hence, the membrane which yields the minimum mean-square
error has equation

512 { 13 2V3x (x2 223y2 )}

W)= R 360 T3 L

Substituting Eqs. (1) and (10) into Eq. (3) and performing the
integration gives, for the mean-square error, exactly

, .3 L
™ 62,720 F?
where F= V2R, is the focal length of the ideal surface. Hence,

Bms _ V15 (L/D)?
D ~ 560 F/D

an

where D is the diameter of a shallow circular reflector dish.

For comparison, values of §,,/D for two additional
configurations are presented. The best-fit flat-facet con-
figuration is obtained by assuming w(x,y) =const, and
determining the constant for which 67, is a minimum. The
resulting error is

8ms _ V15 (L/D)?
D 240 F/D

(12)

in agreement with Ref, 1.

The congruent-edge membrane configuration is obtained by
giving the membrane edges the same curvature as the ideal
surface, i.e., R=R,, and minimizing &2, with respect to A
only.

The result is

s _ V21 (L/D)?
D ~ 560 F/D

(13)

Single-facet illustrations of the membrane configurations
analyzed are shown in Fig. 3, where, for illustrative purposes,
the deflection shapes are inverted and greatly exaggerated.
Also, a contour plot for the optimum membrane facet is
presented in Fig. 4. In addition to the nine equally spaced
level curves in Fig. 4, the membrane’s intersections with the
ideal surface are also shown.

Rectangles

Consider a rectangular membrane facet of length 2a, width
2b=2ha, with 0<A=<1, and center at the origin (Fig. 5).
Whereas the solution to the equilateral triangular membrane
problem is algebriac, the rectangular membrane problem
requires a Fourier series solution. The specification of
parabolic deflections on the four boundaries takes the form

w(x, £\a) = a_2 (ﬁ—l)

2R, \&
and
)\202 y2
V)= (o — 1 14
wizay) =—¢ ()\2a2 ) (14
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The deflection shape satisfying the Laplace equation and Eqgs.
(14), with the addition of a nondimensional normal trans-
lation A, is

@ (R R
wny) = o {170 w; (X)) +>\2170 w; (%) +h} (15)
0 I 2 .

where

32 & (=Dn+Dhs2 nmx nmy
=22 2 2D T oM™ osh™ (16
W) =5 ,,Xogd meoshnan/2) > 2a O 2a (16)
and
32 X (=1)ywm+hn nwx  nmy
y) =2 T coshi cos (17
W2 (60) =15 ngd weosn(rrzn) O e o 17

The ideal surface is again described by Eq. (1).

In this case, the object is to minimize the mean-square error
with respect to R,;, R,, and 4. Hence, with the mean-square
error again defined by Eq. (3), we require

a d a
571 6fms = E sfms = a—R—z 6£ms =0 (18)

“which leads to the following equations determining the op-
timum values of R, R,, and A:

Ry, 2R
h=L,——L,—N—1L 19
1 R1 2 Rz 3 ( )
Lh=L,— —Ls—N—1L 2
h=Ly= L=Vl L, (20)

R, R,
=L,——Lg—N—1L 21
L;h=L, R1L6 R, F) 21

Ro

Fig. 1 Typical shallow flat-faceted reflector.

(31

— X

Fig.2 Equilateral triangle in rectangular coordinate system.
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With dimensionless quantities defined by

Xy _ 2R, _ 2R, . 2R,
X=(—1, y—xg, Z=7Z, W1=?‘W1, W2”‘7W2
22)
the coefficients L,,..., Ly are given by
1pl
L;(\) =SG SO Zdypdx =15 {1+N\?) (23)
11 128 &\ tanh(nwh/2
LZ()\)ZS S W, djdi= — = M;ELZ 4)
0 Jo N, n
per Ji
L;(N)= So So w,dydx=L, (X) (25)
1 1__ o 8
L,= So So Zw,d dx—E (26)
1 pl ~ o
Ls(N) —So So widydx
52 i 1 <I+2n7re"’“—e‘2"’“> @7
I N~ AN E PRl NPT )
i pl
Ls(N) = So So w, w,dydx
_ 4096 bl = 1 28
B 7r8 n odd m odd m2n2(m2+)\2n2)2 )
1 pl
L,(\)= So SO Iw,dydx=NL, 29)
1 1-2 . 1 (30)
=, [ o)

Since all the series in Eqs. (24-30) converge rapidly, only a few
terms are needed for their accurate evaluation for every \ of
interest.

After the optimum values of R;, R,, and % are obtained for
a specified value of A, they are then inserted into the mean-

RELATIVE ~—=
ERROR

BEST-FIT FLAT 1

CONGRUENT-EDGE ¢,
MEMBRANE

OPTIMUM ¢ g3
MEMBRANE

Fig.3 Triangular ideal surface facet and membrane facets.
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INTERSECTIONS WiTH
IDEAL SURFACE

Fig. 4 Contour plot of deflection shape of optimum membrane
facet.

y
T
Zxa - —» X
< 2a >

Fig. 5 Rectangle of sides 22 and 2)a in rectangular coordinate
system.

square error expression

2 N2 R, \2
52 = (—a—) {L9—2hL, Ty (Ei’) L

2R, ,
R,\2 R? R
N’(—") Lo +2N—" 1, +2-2(L,—hL
+ R, 8 R/R, 6t R1( 4 2)
+zv(L,—hL3)} 31)
where
Lo(\) = ! 2dydi= 8 (1+5>\2+>\4) (32)
s )‘So Soz yex= 15 3

Similar calculations have also been performed for some
related configurations. The best-fit flat-facet configuration is
obtained by normal translation of the w(x,y) = const facet to
its minimum 8,,,, position. The congruent-edge membrane
configuration is obtained by giving the edges of the membrane
the same curvature as the ideal surface, i.e., R; =R, =R,,
and minimizing &2, with respect to A only. Still another
configuration is obtained by specifying equal curvatures on
all edges, i.e., R; =R, =R, and minimizing 62, with respect
to R and h. In Fig. 6, single-square-facet illustrations are
shown for all but the last membrane configuration, which
yielded results quite similar to those of the more general
R, #R, case. (In fact, for square facets, the results are
identical.) Again, the geometric features are exaggerated for
illustrative purposes.

Results and Discussion

Equilateral Triangles

The rms errors are given in Table 1 for the flat-facet and
membrane-facet configurations illustrated in Fig. 3. The rms

AIAA JOURNAL

RELATIVE
ERROR

BEST-FIT FLAT 1

CONGRUENT-EDGE
MEMBRANE

OPTIMUM
MEMBRANE

Fig. 6 Square ideal surface facet and membrane facets.

Table1 rms errors for equilateral triangular facets

F/b 5 Brms Relative
Facet configuration (L/DYy* D error
Best-fit flat \15/240=0.0161 1.00
Congruent-edge )
membrane V21/560 =0.0082 0.51
Optimum membrane \15/560 = 0.0069 0.43

error for the congruent-edge (R=R,) configuration is about
49% below the error for the best-fit flat-facet configuration.
Such an improvement in surface accuracy might justify the
additional fabrication effort that would likely be required to
produce a congruent-edge membrane configuration. The
optimum membrane-facet configuration yields only a modest
additional improvement in accuracy. Also, because of its
greater edge curvature, the optimum membrane-facet con-
figuration (R=7/10 R,) would give a faceted reflector
surface a more pronounced scalloped effect, which might
adversely affect reflector performance. Hence, in light of its
marginal additional gains in accuracy, the use of the optimum
membrane configuration in a faceted reflector may be dif-
ficult to justify.

Rectangles

The rms errors are given in Table 2 for the flat-facet and
three membrane-facet configurations, two of which are
illustrated for squares in Fig. 6. The flat-facet case is again
amenable to closed-form evaluation. The result is

Brns _ V3 STy (2a/D)?

D 120 F/D

which, for a square, is in agreement with Ref. 1.

Again, the best-fit flat-facet configuration is least accurate.
However, the membrane facets offer considerably less im-
provement over the flat-facet results than was the case with
equilateral triangles, the maximum rms error reduction being
about 25% for square facets compared with about 55% for
the triangles. The large reductions in rms error for the
clongated rectangles are somewhat misleading, since a flat-
faceted reflector design would not be likely to contain high
aspect ratio (small \) facets. A more realistic appraisal of the
error reductions for the high aspect ratio facets can be gained
by viewing them as the result of the addition of properly
curved internal supports to an initially square facet. Clearly,
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Table 2 Normalized rms error for rectangular facets

FID" 8
(2a/D)? D
Facet configuration A=1.0 0.8 0.6 0.4 0.2
Best-fit flat 1(0.0264) 0.84 0.75 0.72 0.71
Congruent-edge membrane 0.83 0.64 0.43 0.22 0.06
Optimum membrane? 0.75 0.60 0.39 0.19 0.05
Optimum membrane® 0.75 0.58 0.38 0.19 0.05

aF= 2Ry, Y Same curvature on all edges (R; =R)). ¢Same curvature on opposite edges (R ; # Ry).

Table3 Normalized rms error for equal-area facets

F/D 8.
(L/D)Y? D
Rectangle, A= Equilateral
Facet configuration 1.0 0.8 0.6 0.4 0.2 triangle
Best-fit flat 1(0.0114) 1.05 1.25 1.79 3.54 1.41
Congruent-edge membrane 0.83 0.80 0.72 0.54 0.28 0.72
Optimum membrane? 0.75 0.75 0.64 0.48 0.26 0.61
Optimum membrane® 0.75 0.73 0.63 0.47 0.26 —
2Same curvature on all edges. bSame curvature on opposite edges. “For equal facet area, a? =V3L? /16,
a - BEST FIAT B0 ,
b - CONGRUENT EDGES a TRIANGLES
15— IRIANGLES c ¢ - OPTIMUM MEMBRANE 2000 - ===~ SQUARES
—————— SQUARES b
c
NUMBER
.10
Of b a - BEST FLAT
) MEMBERS
T 1000 |- ¢ b - CONGRUENT EDGES
5 ¢ - OPTIMUM MEMBRANE
' 500
-5 1 S |
0 5 10 15% 10 9 5 10 5% 107
8 P b
F “rms £ o_rms
D D D D

Fig. 7 Maximum member length meeting rms error criterion for
faceted reflector surface.

such additional supporting structure would greatly reduce the
rms error, but at significant costs in fabrication, complexity,
and structural weight.

It might also be noted here that if 2a is replaced by L in
Table 2, then Tables 1 and 2 can be used together to determine
the maximum triangular or rectangular facet edge (or
structural member) length L that will satisfy a prescribed rms
error criterion. An illustration for a shallow circular reflector
composed of nominaily identical equilateral triangles or
squares is provided by Fig. 7, where the maximum dimen-
sionless member length required to satisfy a given error
criterion, L/D, is plotted as a function of the dimensionless
rms error, F/D é,,,./D.

The results can also be used to approximate the number of
equal-length structural members required to satisfy a given
error criterion. With the number of required facets given
approximately by

Ny=(w/V3)(D/L)? for triangles

= (n/4) (D/L)? for squares

Fig. 8 Number of members required to meet rms error criterion for
faceted reflector surface.

and the number of members being approximately
N, = (3/2) Ny +~3/2N, for triangles
=2(Nf+\/ﬁf) for squares

the results for triangles and squares from Tables 1 and 2 yield
the estimates shown in Fig. 8.

Equal-Area Facets

A comparison of results for triangles and rectangles of
equal area, which will be of interest if facet area rather than
facet edge length is a controlling parameter, is facilitated by
Table 3. The results suggest the following conclusions for flat
facets:

1) Equilateral triangles are more accurate than squares
with the same edge length.

2) Equilateral triangles are less accurate than squares with
the same area.

3) The most accurate rectangular facet is the square.

For curved-edge membrane facets, the results indicate that:

1) Membrane facets are more accurate than flat facets.
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2) Equilateral triangles are more accurate than squares
with the same edge length or the same area.

3) For comparable rms error, triangles allow the use of
longer and/or fewer members than squares.

4) Optimum configurations produce “‘scalloped” surfaces
while offering little improvement in accuracy over the
congruent-edge configurations.

Concluding Remarks

It has been shown that the equilateral triangular or rec-
tangular segment of a shallow paraboloidal (or spherical)
surface can be replaced with considerably less rms error by an
appropriately deformed membrane facet rather than a flat
facet. This result suggests that a reflecting mesh, stretched
with approximately isotropic tension over a framework of
appropriately curved members, could produce a more ac-
curate antenna than the similar flat-faceted reflector, or an
equally accurate reflector with larger facets and, hence, fewer
structural members. The results are based on the linear theory
of membranes under isotropic tension, and assume that the
reflector is shallow enough to have essentially equal principal
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curvatures. Possibly fruitful extensions of this work might
include investigations of the effects of nonuniform mesh
tension or stiffness, or nonlinear membrane theory. A
reflector design based on the present results would also have a
scalloped surface, the effects of which on antenna per-
formance might also warrant examination.
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It is generally the objective of the designer of a moving vehicle to reduce the base drag—that is, to raise the base pressure to a
value as close as possible to the freestream pressure. The most direct and obvious method of achieving this is to shape the
body appropriately—for example, through boattailing or by introducing attachments. However, it is not feasible in all cases
to make such geometrical changes, and then one may consider the possibility of injecting a fluid into the base region to raise
the base pressure. This book is especially devoted to a study of the various aspects of base flow control through injection and
combustion in the base region.

The determination of an optimal scheme of injection and combustion for reducing base drag requires an examination of
the total flowfield, including the effects of Reynolds number and Mach number, and requires also a knowledge of the
burning characteristics of the fuels that may be used for this purpose. The location of injection is also an important
parameter, especially when there is combustion. There is engineering interest both in injection through the base and injection
upstream of the base corner. Combustion upstream of the base corner is commonly referred to as external combustion. This
book deals with both base and external combustion under small and large injection conditions.

The problem of base pressure control through the use of a properly placed combustion source requires background
knowledge of both the fluid mechanics of wakes and base flows and the combustion characteristics of high-energy fuels such
as powdered metals. The first paper in this volume is an extensive review of the fluid-mechanical literature on wakes and
base flows, which may serve as a guide to the reader in his study of this aspect of the base pressure control problem.
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